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Abstract 

We study the Unruh effect on the dynamics of quarks and mesons in the context of 
AdSs/CFT4 correspondence. We adopt an AdSs metric with the boundary Rindler 
horizon extending into a bulk Rindler-like horizon, which yields the thermodynamics 
with Unruh temperature verified by computing the boundary stress tensor. We then 
embed in it a probe fundamental string and a D7 brane in such a way that they become 
the dual of an accelerated quark and a meson in Minkowski space, respectively. Using the 
standard procedure of holographic renormalization, we calculate the chiral condensate, 
and also the spectral functions for both the accelerated quark and meson. Especially, we 
extract the corresponding strength of random force of the Langevin dynamics and observe 
that it can characterize the phase transition of meson melting. This result raises an issue 
toward a formulation of complementarity principle for the Rindler horizon. We find most 
of the dynamical features are qualitatively similar to the ones in the thermal bath dual 
to the AdS black hole background, though they could be quite different quantitatively. 
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1 Introduction 



A constantly accelerated observer in Minkowski space sees a thermal radiation at a temperature 
which is proportional to the value of acceleration. This is the well-known Unruh effect [1] for 
quantum field theory defined on a nontrivial geometry. The comoving frame (Rindler frame) 
of the accelerated observer is the Rindler space which has an event horizon with the Hawking 
temperature given above. Regarding the novelty of the phenomenon, it is natural to ask if 
one can observe the Unruh effect in the lab experiments. However, the direct observation is 
hard to achieve due to the tiny size of the Unruh temperature unless the acceleration is very 
huge. This is the same situation for observing the Hawking temperature for real black hole. 

Related to the above, we can consider the accelerated charged particle, and formulate the 
problem as following. It is well-known that an accelerated charged particle will radiate as seen 
in the lab framed, and the energy loss rate is described by the Lienard formula as for classical 
electrodynamics, and also for non-linear Yang-Mills fields, which was verified in [3] by using 
AdS/CFT correspondence. Furthermore, the momentum broadening in the dynamics of an 
accelerated quark was also observed due to the stochastic nature of the radiation. See [I] and 
the references therein. A natural question arises if we switch to the co-moving frame of the 
accelerated quark; how we could interpret the above energy loss and momentum broadening 
in the comoving frame? A naive expectation based upon the principle of black hole comple- 
mentarity [5] makes us believe that near the event horizon the Rindler observer should see 
something complementary to and consistent with what the lab observer sees. Moreover, if the 
complementarity invokes Unruh effect, then it provides some evidence for observing Unruh 
effect as a physical effect indirectly. Indeed, since the Rindler observer of the accelerated quark 
sees a thermal bath of dense quark-gluon plasma, it may lose its energy through the Brownian 
motion governed by the Langevin dynamics, and the same mechanism also for the momentum 
broadening. This was in fact shown by Xiao in [6] by using the AdS / CFT correspondence to 
extract the strength of the random forces in Langevin dynamics, and the resultant momentum 
broadening agrees with the one from the stochastic radiation picture based on pi]. 

However, the above complementarity should be placed under more scrutiny. Note that the 
above setting is in the strongly coupled regime with the help of AdS/CFT correspondence, it 
is not clear if the complementarity holds also for the weak coupling regime. Naively, it does 
not work for accelerated neutral elementary particle (zero coupling) since there is no radiation 
from it in the lab frame, but the Rindler observer still sees the thermal bath and thus the 
random kicks causing the Brownian motion. This casts doubt on the complementarity for 
the Rindler horizon, and deserves further study. Also, how about the complementarity for an 
accelerated neutral composite particle such as meson? 

Motivated by the above, in this paper we discuss the quark and meson dynamics caused 
by the Unruh effect in M = 4 Supersymmetric Yang-Mills theory (SYM) from the holographic 

^Note that this is different from the so called "Unruh radiation", which is sometimes discussed to be 
controversial. See, for example, [2]. 
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description^. Though we are not trying to resolve the above issues, our results on the acceler- 
ated meson in comoving frame will help to shed some light on complementarity regarding the 
Rindler horizon invoking the Unruh effect. 

We start with the metric seen by the comoving observer of an accelerated string in the 
AdSs space found in [6] . As usual, the radial direction in the above geometry is identified with 
the energy scale of boundary CFT which is in the comoving frame of an accelerated observer 
in Minkowski space. We then calculate its holographic stress tensor, and verify that it is 
that of a thermal vacuum with nonzero temperature, entropy and energy density. Moreover, 
the temperature agrees with the Unruh temperature and the first law of thermodynamics is 
satisfied. This is surprising because the bulk spacetime seen by the comoving observer of the 
accelerated string is nothing but the pure AdS space up to a coordinate change. It is then 
curious to see the differences between the our thermal vacuum and the one associated with 
the AdS-Schwarzschild space when considering the dynamical properties. 

The Rindler space covers only a part of Minkowski space. Therefore, the pure vacuum 
state of the Minkowski spacetime restricted to one of the Rindler wedges becomes a mixed 
thermal state in Rindler spacetime because the states corresponding to the other Rindler 
wedge are traced out. Correspondingly, the comoving observer of the accelerated string also 
only sees a part of the AdS 5 space and the horizon of the accelerated observer is just the 
bulk extension of the boundary Rindler horizon. We then expect that the boundary Rindler 
thermal property will be holographically dual to the thermodynamical properties associated 
with the bulk horizon. This is indeed the case as can be seen from the holographic stress 
tensor. Furthermore, we introduce a probe D7 brane which is static in the comoving frame. 
Then the scalar field on this D7 brane is dual to the operator qq or meson field which is 
accelerated in Minkowski space. We then compute the value of the chiral condensate which 
properly shows the behavior in finite temperaturi**!. Other dynamical properties such as the 
quark-anti-quark potential and the meson spectral function related to the Langevin dynamics 
will also be evaluated in this context. 

This paper is organized as follows. In section 2, we prepare a constantly accelerated open 
string in AdS5 space and define a comoving frame where the string is static. This is then dual 
to a quark which is constantly accelerated in Minkowski spacetime. Identifying the radial 
direction in the comoving frame as the energy scale in the CFT side, we holographically com- 
pute the stress energy tensor and verify its thermal nature by the expected thermodynamical 
relation. Then we calculate the quark and anti-quark potential and the spectral functions of 
the constantly accelerated quark. In section 3, We introduce a probe D7 brane on which a 
constantly accelerated string ends perpendicularly. This is thus dual to the meson which is 

II Some related works considering the Unruh effect in AdS space based on Global Embedding in Minkowskian 
Space-time method (the GEMS [7]) were done in [5]. 

**If we introduce a D7 brane in a supcrsymmetric way |10j which is dual to qq defined in the Minkowski 
space, move to the comoving frame without changing the way of the D7 brane embedding, and compute the 
value of the chiral condensate, we do not obtain the behavior of finite temperature. This is expected since the 
expectation value does not depend on the coordinate frame 
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constantly accelerated in Minkowski spacetime. We then holographically compute the value 
of the chiral condensate, and its spectral functions. We find that all the above quantities bear 
the similar qualitative feature to their thermal counterparts which are dual to the fundamen- 
tal string and D7 brane in the AdS black hole background. From the spectral functions, we 
extract the corresponding strength of random force of the Langevin dynamics, and observe 
that there happens a significant change of its strength around the transition point suggested 
by the analysis of the one-point function. We also provide an interpretation for this based on 
a meson dissociation picture. In section 4 we conclude our paper with some discussions and 
open questions. In Appendix A, we discuss an issue about the choice of the D7 brane embed- 
ding. In Appendix B, we provide the details for deriving the flow equation of the retarded 
Green function of the accelerated meson. 



2 Holography for an accelerating observer 

In this section, we first review the accelerated string solution in AdSs space [6], this is dual to 
an accelerated quark in the boundary dual SYM. We then transform to the comoving frame 
of the accelerated string and consider the thermodynamics of the dual SYM in Rindler space 
via AdS/CFT correspondence. We also evaluate the holographic retarded Green function of 
the accelerating quark and numerically extract its spectral function. We recognize that the 
feature of spectral function is qualitatively similar to but quantitatively different from the one 
for the usual thermal vacuum dual to the bulk black hole. Let us start with the metric of 
AdSs space given by 

R 2 

ds 2 AdSs = — (-dt 2 + dx\ + dx\ + dx\ + dz 2 ) , (2.1) 

where R is the AdS curvature. We consider a fundamental string which is accelerating along 
x\ direction whose trajectory is given by 

x\ - t 2 = a~ 2 - z 2 , (2.2) 

where a is the value of acceleration. This solution satisfies the equations of motion from 
Nambu-Goto action [6]. We then define a coordinate transformation such that this fundamen- 
tal string becomes static in the new coordinate system. The new coordinates are defined as 
follows: 



Va~ 2 -r 2 e aa cosh(ar), t = Va~ 2 - r 2 e aa sinh(ar), z = re aa , (2.3) 



and the equation of motion ( 12. 2ft of the accelerated string becomes a = 0, i.e., the string is 
static in the new coordinate system. This coordinate system is Rindler-like and only covers 
the right wedge of Rindler space < X\ < \t\ for fixed z. See Fig. 1. The metric of AdSs in 



the new coordinates is written as 
2 R 2 r dr 2 

ds AdS 5 - r 2 



a?r 2 



- (1 - a 2 r 2 )dr 2 + da 2 + e~ 2aa {dx\ + dx 2 3 ) . (2.4) 
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t 




r ~ 0.64/a 
r ~ 0.82/a 



r ~ 0.48/a 



Figure 1: The constant-r surfaces in (xi,t,z) coordinates. The comoving frame covers only 
the right Rindler wedge. As r gets larger, constant-r surface gets steeper. The AdS boundary 
is at r = 0, and the bulk extension of the boundary Rindler horizon is located at r = 1/a. 



This metric is also given in [6]. Note that the boundary metric is conformal to Rindler space, 



ds 2 = -dr 2 + da 2 + e~ 2aa {dx\ + dx\) = e- 2aa [e 2aa (-dr 2 + da 2 ) + dx\ + dxl] . (2.5) 



Obviously, the metric (12.41) has a horizon at r = 1/a, i.e., the bulk extension of the boundary 
Rindler horizon at t = ±Xi, and the associated Hawking temperature is T = a/2ir which is 
the same as the Unruh temperature at the boundary. Therefore, the temperature in the CFT 
side is the same as that in the bulk spacetime. Thus we identify the new radial coordinate r 
with the energy scale of dual CFT in Rindler space. 

We shall remind that the metric (12 .4p does not describe a black hole in AdS space since 
it is just obtained by a coordinate transformation from the AdS metric (12. II) of Poincare 
coordinates. However, since we identify the r coordinate which is different from z coordinate 
in the metric (12.11) as the energy scale in CFT, the CFT dual is defined in the boundary 
Rindler metric (12.51) but not in the Minkowski one. This coordinate transformation induces a 
horizon, and thus leads to thermodynamics of the dual SYM as shown below. Nevertheless, 
we will see that the holographic spectral function of the accelerated quark from the metric 
(12.41) is different from the one of thermal quark heated by the bulk AdS black hole. For later 
use, we further define a new radial coordinate w as 



Aw 



(2.6) 



r = 



a 2 w 2 + 4 ' 
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and the AdS^ x S 5 metric becomes 



r/s 2 



W 

R 2 L 



a 2 R A 
Aw 2 



a 2 R* 



^dr 2 + (l + 



,dw 



Aw 2 

2 i • 2 



Y(da 2 + e- 2aa (dx 2 2 + dx 2 3 )) 



+ R 2 ^ + R 2 (dib 2 + cos^ tpdO 2 + sin 2 ^dVL 



w 



(2.7) 



The metric in the second line is just a 6-dimensional flat space, and for it we introduce the 
4-dimensional polar coordinates (p and Q3) and the 2-dimensional flat coordinates (1V5 and 
We)- In terms of these coordinates, the metric becomes 



dn 2 



W 

R 2 



a 2 R A 
Aw 2 



a 2 R 4 



?dr 2 



Aw' 



■f(da 2 + e- 2aa (dx 2 2 + dxl)) 



R 



H -(dp 2 + p 2 dVtl + dwl + dw. 



w 



6J1 



(2.1 



where w 2 = p 2 + w 2 + w%. The AdS boundary and the horizon are located at w = 00 and 
w = aR 2 /2, respectively. 



2.1 Thermodynamics 



From the previous discussions, the metric (\2.A\i describes the holographic dual gravitational 
background for CFT defined in Rindler metric (12.51) . and the coordinate r is identified as the 
energy scale of CFT. We may expect the Unruh effect generating a thermal system with the 
temperature a/2ir. Note that the thermal setting is quite different from holographic dual of 
the AdS black hole. 

To see this, we compute the stress energy tensor of CFT from the bulk metric using 
AdS/CFT dictionary [12]. The bulk action is given by the standard Einstein action plus the 
cosmological constant and the boundary action, 



S 



1 



d 5 x 



16ttG 5JM 

lnv = 9ab ~ n a n b 



R-2A 



-( W + 



d A Xy/^ e, 



(2.9) 
(2.10) 



where n M is the unit vector normal to the boundary dAi. Then we substitute the background 
metric (I2.4p into the metric of the action and compute its on-shell value. Since the value is 
divergent, we introduce a cutoff near the AdS boundary r = e, i.e., dAi is the r = e surface, 
and add the counter terms defined at r = e. In our case the counter term action takes the 
form as 



1 



c 



8ttG, 



d xyf—'y [ci + c 2 R 



5J8M 



11 j 



(2.11) 



where i? 7 is the Ricci scalar constructed from the induced metric 7, and c\ and C2 are deter- 
mined so that the total action S + Sc is finite. Thus, we find that c\ = 6/R and c 2 = —R 3 . 
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According to the AdS/CFT correspondence, the stress energy tensor of CFT is computed as 
follows, 



u 



lim 



8ttG, 



1 6(S + S C ) 
diag(3, 



>o J—^i 



a A R 3 
4 



lim — ■ 

e^O 87tG 5 L 
1,-1,-1 



]_S_Sc 



(2.12) 



This stress tensor appears as that of conformal thermal gas at the temperature T = a/2n, 
i.e., the energy density £ and the pressure p satisfy the relation £ = 3p oc T 4 , the equation of 
state for conformal gas. Moreover, the entropy density of the dual SYM can be read off from 
the area of the horizon, which is s = -^a 3 Ri^\, and the thermal quantities satisfy the first law 
of thermodynamics, i.e., p + £ = Ts. This shows that the system is in a thermal equilibrium 
as expected from the Unruh effect. 



2.2 Quark-anti-quark potential for accelerated quarks 

We also compute the quark and anti-quark potential in Rindler space from the Wilson loops 
and see whether the potential shows an appropriate behavior at a finite temperature. The 
holographic counterpart of the Wilson loop is the worldsheet of a fundamental string with 
endpoints being identified as a quark and anti-quark pair [13]. We evaluate the worldsheet 
profile in the metric H2.4f) to extract the potential between quark and anti-quark, both of which 
are constantly accelerated along the same direction. 

For simplicity, we separate the quark and anti-quark only along a direction in the Euclidean 
version of the metric (j2.4p and thus we study an open string whose profile is given by a = a(r). 
This profile describes a string extending into the bulk but with its end points fixed on the 
boundary. The Euclidean Nambu-Goto action and the equation of motion from that are 



/R 
dTdr—^h(r)(d 7 



a 



1. 



R 2 



h(r)d r a 



R 2 



a 



r ) 



(2.13) 
(2.14) 



respectively. Here Tp is the string tension (and we will take the normalization Tp = 1), 
h(r) = 1 — a 2 r 2 , and we require the boundary condition at the turning point of the string 
profile r = r such that d r a\ r=ro = oo. Then the distance between the quark and anti-quark 



The horizon area is given A = R 3 a 3 Jdadx2dx3, 
A I (4G 5 / dadx 2 dx 3 yf^f) ■ 



and then the entropy density is given by 



6 




Figure 2: The quark- anti quark separation and the potential. All the plots are with a = 1 and 
R = 1. Left: L against tq. As tq gets larger, the separation becomes larger until tq = 0.89/a 
and starts to decrease for ro > 0.89/a. Thus, there is a maximal value for L, L max = 1.0/a. 
Right: The potential V qq against L. At L = L c ~ 0.88/a < L max , the potential vanishes. 



L and the total energy E are given by 

r° dr 

L = 2 =, (2.15) 

pro R 2 

E = 2 dr ; (2.16) 

respectively. Here e(~ 0) is the UV cutoff. On the other hand, the mass of the free quarks, 
defined by the energy of two parallel straight strings configuration extending from r = e to 
the horizon at r = 1/a, is given by 

rl/a d2 / rr i i \ 

M = 2 [ dr ^ = 2R2 [J e dr ^ + 7 ~ a )- ^ 

Thus, the quark-anti-quark potential Vq q is given by 

V qq (L)=E-M. (2.18) 

After some numerical work in evaluating the quark-anti-quark potential, we find the 
Coulomb potential behavior for small L region compared to 1/a. The numerical fitting gives 
(R = l) 

1 43 

V qq {L)~ — + 1.97 a, (2.19) 
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where the numerical values are chosen to fit the values in L < 0.1 /a regime. This Coulomb 
behavior is expected for M = 4 SYM at zero temperature and its coefficient is very close to 
the zero-temperature result 4Tpi? 2 r(3/4) 4 /27r [13], where the small deviation is due to the 
fitting by using only finite number of terms. The second term describes the screening effect 
which reduces the binding energy, however, its behavior is quite different from the one in the 
AdS-Schwarzschild background, which is proportional to L 3 . 

As we separate the quark and anti-quark further by increasing r , we find the binding 
energy becomes zero around L = L c ~ 0.88/a (with r$ ~ 0.73/a). If we simply increase ro 
further, L becomes larger, takes a maximal value L max ~ 1.0/ a with ro ~ 0.89/a and starts 
decreasing until r = 1/a. The binding energy is always negative, i.e. Vq q > for r > 0.73/a. 
The numerical results of the quark-anti quark separation and the potential are shown in Fig. 
Since the binding energy is negative for L > L c , the configuration of two straight strings has 
lower energy than that of a single connected string, and thus becomes the dominant one in 
this region. That is, the quark and anti-quark no longer make a bound state for L > L c and 
start moving freely. These behavior is similar to those computed from AdS black hole [T4"] . 

In the lab frame, the screening is due to the squeezed lightcone caused by the accelera- 
tion so that the causal gauge interaction will be effected in a shorter range. Turning to the 
comoving frame, it is then interpreted as the thermal effect. However, from the bulk point of 
view, the real thermal effect and the Unruh one correspond to different bulk geometries with 
event horizons, causing different squeezing of the lightcone and thus different screening. This 
suggests that we indeed can tell the Unruh effect from the real thermal effect (at least quanti- 
tatively) by looking into the dynamical properties such as V qq , we see more examples later on. 
Moreover, once part of the open string connecting the quarks sinks behind the horizon, it loses 
the causal contact with the part outside the horizon, and can be understood the energy loss 
due to radiation in the lab frame, or due to random kicks in the comoving frame. Therefore, 
the energy loss of the accelerated or thermal quark has an unified geometric picture in the 
bulk AdS. 

2.3 Spectral function of an accelerated quark 

A quark in the thermal background is subjected to the random force of the Langevin dynamics 
dictated by the fluctuation-dissipation theorem. The Langevin equation is 

^ = - 7 ft + ^(r) (2.20) 

GST 

where 7 is the friction coefficient, and the thermal kick is characterized by the random force 
Ti with the following average: 

(Ti{r)) = , (Fiir) F^r')) = k5^5(t - r') . (2.21) 

The coefficient k is the strength of the random force. Furthermore, by the Kubo formula one 
can extract the strength of the random force from the retarded Green function. 
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In [B] the author modeled the Brownian motion of the accelerated quark by the Langevin 
dynamics, and then analyzed the low energy behavior of the holographic retarded Green 
function of the accelerated quark, from which the author found that the strength of the 
random force k is 



lim Im G R (u) = ^a 3 (2.22) 



where A is the 't Hooft coupling constant, and the vA dependence is the generic feature 
predicted by the AdS / CFT correspondence for the strong coupling regime. This has the same 
coupling and temperature dependence as the one [15] for the quark in the thermal vacuum 
dual to a string in the AdS-Schwarzschild background. 

Despite of having the same form of random forces for the thermal and the accelerated 
quarks, we wonder if their spectral functions also show the same behavior or not. This question 
arises since the metric (12.4D is just a coordinate transformation of the Poincare patch of 
AdS space, and contains no real black hole. On the other hand, it is known that [16] the 
resonance excitations of the thermal CFT are dual to the quasi-normal modes of AdS black 
hole. Therefore, it is not obvious if the metric f !2.4[) also admit the quasi-normal modes or 
not. If this is the case, then it suggests that we can not distinguish the Rindler vacuum from 
the thermal one even by comparing the spectral functions of accelerated and thermal quarks 
or mesons. 

Furthermore, the stochastic Brownian motion is characterized by the p± and pi broadening 

which can then be related to the momentum broadening in the lab frame by restoring the boost 
factor 7 = yj aH 2 + 1, i.e., = 2k/7 and (l ^ )L = K/y. The momentum broadening in 

the lab frame is due to the stochastic nature of the classical radiation, which can be obtained 
by considering the dynamics of the trailing string in pure AdS space [9]. Since 't Hooft 
coupling constant \/\ can be interpreted as the parton emission probability in this picture, it 
seems natural that k is proportional to this factor. In [6] it was shown that the momentum 
broadening calculated in the Rindler (using AdS/CFT correspondence) and lab (based on 
partonic picture with the probability of emitting a gluon being a/A) frames agree at the large 
time limit. The result could be implied by the principle of complementarity for the Rindler 
horizon as discussed in the introduction. 

Furthermore, we can consider the spectral function for an accelerated quark, and then for 
an accelerated meson in the next section. In order to compare with the D7 brane (i.e. meson) 
case, we embed the fundamental string dual to an accelerated quark into the metric in the 
form of (12.81) . q and choose the static gauge 

(a°,a 1 )=(r,p). (2.24) 



"We also calculate the spectral function for the metric which is given by (28) in [5] and we find that the 
qualitative behaviors for both choices are the same. 
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The embedding ansatz is given by 

X» = (T,p,a(p,T),0,--- ,0) . (2.25) 
The Nambu-Goto action in the case becomes 

S = — Tp I drdpC (2.26) 



£= x l(hl-hiai)(l + ^hia>i), (2.27) 



where h± — 1 ± 3 j^-. The string profile solution found by Xiao is given by a = 0, around 
which we now consider the fluctuation given by a(r, p). By expanding the action with respect 
to the fluctuation a, we obtain the quadratic order action given by 

C 2 = l -[Q 1 {d p a) 2 + Q 2 {d T af] (2.28) 



where 



Q 1 =^h-h 2 + , Qi = -J^- (2-29) 



It is convenient to introduce the dimensionless coordinates 



p=——p, r = ar, (2.30) 
an z 



and thus the quadratic action becomes 

S 2 = - a 2 R 2 T F J dfdp i [Q^d-paf + Q 2 {d f a) 2 ] (2.31) 



where 

h 2 + T 1 
■^ ± , /i± = l± — 



Q 1= p 4 /^, & = h± = l± — . (2.32) 



Note that the horizon is now at p = 1/4 := p^. 
Introducing the Fourier transform of the field 

«(r,p)= f ^e-^(p), (2.33) 
then from ( 12 .3 1 P the equation of motion is 

dpiQidpZu) - co 2 Q 2 z = . (2.34) 
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Since we are interested in the retarded Green function, we can follow [17] to solve the first 
order flow equation of the "running" retarded Green function directly without first solving 
the equation of motion as in [18]. To do that, we introduce the conjugate momentum, 



7f w = -tf&TFQidpZuQj) = -a 2 R 2 T F nl , (2.35) 

and by the analog of linear response theory [17] , the retarded Green function of the accelerated 
quark is given by 

G R (u) = - a 2 R 2 T F lim f (p) , (2.36) 

p— >oo 

where we define 

£=^@. (2.37) 

Differentiating both sides of ( 12. 3 7ft with respect to p and using the equation of motion, we 
obtain the flow equation 

df£ = --Le + Cu 2 Q 2 . (2.38) 



0.0010 
0.0008 
0.0006 
0.0004 



0.0002 



0.002 0.006 0.010 0.016 0.020 

u = u/2ttT 

Figure 3: Spectral functions of thermal and accelerated quarks against the dimensionless 
frequency Co = uj/2tiT. The temperature is tuned to be T = l/2n. Red (circle) points for the 
accelerated quarks and Blue (cross) ones for the thermal quarks. 



One can also solve the equation of motion ( 12. 34ft near the AdS boundary, and obtain the 
asymptotic form of both z and £ as follows, 



-(l + ?i + ^- 4 ))+^(l-^(2- 2 + 3)-i + 0(p 



2 p 2 



~ - u 2 p - 3— + 0(p 
m 



(2.39) 
(2.40) 
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On the other hand, we impose the incoming wave condition at the horizon p = p^, and 
normalize the modulus of z^ to be unity at the horizon so that near the horizon z Q (p) = 
(p — ph)~ tul (1 + 0((p — ph)))- With this boundary condition at the horizon, we obtain the 
boundary condition of £ at the horizon, and solve the flow equation towards the AdS boundary. 
We then arrive at the spectral function, i.e., the imaginary part of the retarded Green function 

lmG R (0) = 3a 2 R 2 T F ^- , (2.41) 

where v/fh depends only on Q and is independent of R and a. For small u> region, the imaginary 
part of the retarded Green function has the form Ito.Gr ~ a\U + 0(u 2 ), and according to the 
exact result [6] the factor a\ is expected to be —1. Numerically we have obtained a value of 
—1.00109983, which means that the error is of order 10 -3 . 

After checking that our numerical study goes well, we plot the spectral function in Fig. 
[3] For comparison, we also plot the spectral function for the thermal quark which is dual 
to a fundamental string in an AdS black hole background, i.e., we need to solve the flow 
equation ( I2.38|) but with Qi = ^0- and Q2 = — gzyr^ f° r the AdS-Schwarzschild metric 

ds 2 Ads 5 -BH = Jr^ {^f{z)dt 2 + dx 2 + j^) with f(z) = 1 — z 4 . We note that the spectral 
functions for thermal and accelerated quarks show similar qualitative behavior, that is, with 
a single resonance peak. This implies that we cannot distinguish these two types of quarks 
by inspecting their spectral functions qualitatively, but quantitatively we may be able to do 
that. 



3 Holographic Mesons in Rindler Space 

In QCD the chiral symmetry is dynamically broken by the nonzero quark condensate, i.e., 
order parameter, due to the strong interaction. Above a certain critical temperature the 
chiral symmetry is naively expected to be restored with zero chiral condensate because the 
thermal fluctuations overcome the attractive force between quark and anti-quark. 

Since QCD is strongly coupled, it is difficult to discuss the issue of chiral symmetry restora- 
tion directly. Instead one can study it in the holographic dual, and this was done in [191 EQ] 
by considering D7 probe branes in the AdS black hole background. The transverse scalar field 
on the D7 brane is identified as the composite qq, i.e., a meson. Using AdS/CFT dictionary, 
we can compute the chiral condensate (qq) and the mesonic spectral function. 

The result of the papers [191 120] show that the meson dissociates/melts above some critical 
temperature but the chiral condensate goes to zero only as temperature goes to infinity because 
of the current quark mass. In this section, we will study the same issue for the accelerated 
meson by embedding the probe D7 branes in the metric (12.81) . We find similar feature related 
to the chiral condensate, meson melting and spectral functions as for the meson at a finite 
temperature. For related field theory discussions, please see [HI [21], and also our conclusion 
section. 
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In the previous section, we discussed the constantly accelerated string in its comoving 
frame, which is dual to an accelerated quark. Here we would like to introduce an accelerated 
meson as the probe D7 brane in the metric ( 12. 8p . Because a meson is a composite of quark 
and anti-quark and an accelerated quark is described by the endpoint of an open string (12. 2p . 
we prepare a probe D7 brane to which this open string ends perpendicularly. Then, this 
embedding realizes a meson which is also accelerated in the same way as its constituent 
quarks (and qq operator), as seen by the constantly accelerated observer in the CFT side. 
Notice that this embedding is different from the supersymmetric embedding of a D7 brane as 
discussed in Appendix A. 

Thus, a probe D7 brane is static in the comoving frame and does not depend on the 
coordinate a. The latter comes from the fact that the energy of a straightly extended string 
along r coordinate does not depend on its position in the a coordinate, which is easily seen 
from the Nambu-Goto action for the string localized at the (a, £2, £3) coordinates, i.e., 

S = -T F [dr [ UV dr% = —Tp [ dr ( aR 2 - . (3.1) 

J Jl/a r J \ r UV/ 

If the location of a D7 brane depends on a, then the mass of a quark being viewed as the 
endpoint of an open string on the D7 brane depends on the location a of the quark. This, 
however, is not what we would like to realize. 

We also comment that if we embed a probe D7 brane in the supersymmetric way, the value 
of chiral condensate is zero even after we move to the comoving frame. This is because the 
expectation value of an operator does not depend on the choice of the coordinate system. We 
explicitly show this in Appendix A. Here, we consider a different operator from the one in the 
supersymmetric embedding, and thus the vacuum expectation value behaves differently. In 
order to discuss the Unruh effects, we take the time coordinate in Rindler space as the time 
direction and accordingly define qq operator, which is then apparently different from the qq 
operator defined in Minkowski spacetime. 

Geometrically, we introduce a probe D7 brane in the metric (12. 8 p as follows 





t a X2 23 p 0\ 


02 


3 


W 5 Wq 


D7 


a a 1 a 2 a 3 a 4 a 5 


a 6 


a 7 


w 5 (p) 



where 9±, 82, #3 are the coordinates for S 3 and (p = 0,1, ■ ■ ■ ,7) are the D7 brane worldvol- 
ume coordinates. The shape of the D7 brane is given by = w§(p) and we have used the 
rotational symmetry of (u>5, wq) plane to set wq = 0. In this embedding, one can easily see that 
the accelerated open string perpendicularly ends on this D7 brane and then the corresponding 
meson is also accelerated in Minkowski spacetime, thus the meson is static in the comoving 
frame. 
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Figure 4: The typical configurations of a D7 brane in the metric ( 12. 8 p with a = R = 1. These 
are the "Minkowski embedding" (skyblue line) where a D7 brane reaches the center, and the 
"Black hole embedding" (blue line) that corresponding to a D7 brane ending on the horizon. 
The red line, w 2 + p 2 = 1/4, represents the horizon. 

Then the Dirac-Born-Infeld action for the D7 brane becomes 

S D7 = -T 7 J d 8 x^- det g (3.2) 

= -Tr J fe--V(l + ^) 3 (1 - ^)V / TT^F, (3.3) 

where w 2 = p 2 4- «7 5 (p) 2 and T 7 is the D7 brane tension. We then derive the equation of 
motion (see Appendix B for details, e.g., ( 1B.8[) ) . and solve it with an appropriate boundary 
condition at p = oo. The solution must be regular everywhere, especially on the horizon. The 
asymptotic solution near p = oo is 

/ a 2 R 4 \n(p/a) \ i/ / 3a 2 R 4 \ 

where m and v are constants. The condition that the solution is regular everywhere determines 
v as a function of m. We then numerically solve the equation of motion and obtain v = v(m). 
We also give a cartoon of the solution in Fig. HJ 

3.1 Chiral condensate 

The holographic dual operator for is the composite qq and using the AdS/CFT dictionary, 
we can see that m in ( 13 .4p is proportional to the quark mass and v is related to the vacuum 
expectation value, i.e. the value of the chiral condensate. In this section, we compute the value 
of the chiral condensate and see that it reproduces a proper behavior at finite temperature. 

Following the standard procedure of holographic renormalization [TJ], we evaluate the D7 
brane on-shell DBI action for the metric ( 12. 8p . we identify the divergent pieces by plugging in 
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the asymptotic solution (13. 4p . The resultant on-shell action becomes 

a 2 R A a 2 R 4 m 2 



S 



D7 



-T 7 n 3 I d 4 xdp e~ 2aa 
1 



P 3 + 



T 7 £l% I d x e 



-2aa 



2 

a 2 R A 



4 

4^°° 4 



P 



pL - 



2p 

a 2 R 4 m 2 



In poo + (finite) 



(3.5) 
(3.6) 



where we regularize the action by introducing the cutoff near the infinity p = p^ and (finite) 
stands for the finite pieces in the limit poo — > oo. We now introduce the counter term action 
at p = poo to cancel the divergences. To determine the counter term action, we first discuss 
the symmetry of the action. It is easily seen that the action is invariant under the scaling 



p — > kp, w 5 — >• kw 5 , a—tk'a, R —> y/k/k'R, a—ta/k', T 7 ^-k'/k 4 



(3.7) 



where k and k! are parameters. Under the scaling, m and v transform as m — > km and 
v — > k 3 u, and the invariant combinations under this transformation are m/p, aR 2 /p and 
vj 'p 3 '. Then the counter term action which keeps this invariance and cancels the divergence is 
obtained as follows: 



S 



c 



"7 



T 7 n 3 R 4 I d 4 x 



"7 



-2aa w oo /-i , " - 

R 4 Aw 2 ' 



1 ,m 
4 + ( T 
a 2 R\ 



a 2 R 4 



Awl 



1 . 2n4 2 ln °Pc 

+ a R m 

Poo 



Pto 



r oo 



plo 



wl{pc 



(3.8) 
(3.9) 



where c is a constant which yields finite contribution, but cannot be fixed from the cancellation 
of divergences. Due to the above scaling invariance c must take the form of (ai? 2 ) 4 / (m / aR 2 , vj (aR 
where / is a function of these two invariants to be determined. In sum, we have 



Sd7 + St 



c 



T 7 Q* d xe 



-2aa 



Ct 4 R^ 3 4 Ct 2 R A n mi 

—mv 1 — m m +c + 0(p„ 

16 4 8 v c 



(3.10) 



Applying the AdS/CFT dictionary, we get the chiral condensate 

1 S(S D7 + Sc) 



{qq) := hm 

n 3 



5M 



N C V\T 3 [(-3u + 3m 3 + «9™c + 0(p" 2 ))] 



(3.11) 



where we have used 

5S D7 5S D7 5w 5 (p) 



5m 



5w 5 (p) 5m 
dL D7 



-T 7 Q 3 e 



-2aa 



P=p ao 



a 2 R 4 m , , . n9n 
-2i/ + — -— (1 - ln(apoo) 2 ) + 0(p c 



(3.12) 
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Figure 5: Left: (qq) against 1/m with R = a = 1. Right: the magnification for the transition 
point of meson melting. Red (cross) points for the Minkowski embedding and Blue (circle) 
ones for the Blackhole embedding. 



The parameters with the bar denote the dimensionless ones, m = m/aR 2 etc. M is the mass 
of the fundamental matter, M = Tpm. By variating with respect to this mass parameter, we 
obtain the chiral condensate. This expression contains the parameter c which can be fixed 
from the following physical reasons. One physical requirement is that in the supersymmetric 
limit, a — > 0, the chiral condensate should be zero. The other requirement is that in the large 
m limit, i.e. m/T — > oo, the chiral condensate again should go to zero since the temperature 
effect will be negligible. 

The numerical computation shows that v goes to zero as m goes to zero, and u/(a 3 R 6 ) ~ 
— \m/(aR 2 ) In m/(aR 2 ) for large m regime. We thus obtain d m c = —3m 3 + |a 2 i? 4 mln 
and (qq) oc v — |a 2 i? 4 m In We show our numerical results in Fig. [5j The behavior 
is qualitatively the same as the AdS black hole case [19], and thus properly recovers the 
behavior at finite temperature. In the left figure of Fig. [51 near the point at which the two 
solutions meet, there is a jump of the order parameter. The right figure is the magnification 
around this point. In [19], this jump has been identified as a first order phase transition of 
meson dissociation/melting. One can see that the behavior of our order parameter is also 
quite similar to the one at the finite temperature case in [19J. 

One comment is in order: the observer is accelerated along one specific spatial direction 
and the four dimensional Lorentz symmetry is broken in CFT which is different from the 
Minkowski space in a finite thermal bath. Therefore, the result is not necessary the same as 
that in the AdS black hole case. 
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3.2 Spectral function of an accelerated meson 

We now consider fluctuations on the D7 brane and the properties of the mesons. The fluctu- 
ation we consider is the one around the embedding coordinates, 

u> 5 =z(p) + 0(r, a,x 2 ,p) , (3.13) 

where to avoid confusion we denote the leading order embedding function by z(p) that used 
to be w*>(p). We will consider the fluctuations which do not depend on S 3 coordinates nor £3 
for simplicity. Again, we will use the first order formalism for the retarded Green function by 
solving the flow equation. Numerically, the first order equation is easier to control than the 
second order equation of motion as our D7 brane profile in the previous section, around which 
we are considering the retarded Green function for the fluctuations, is given only numerically. 

The holographic retarded Green function for the qq operator, which is dual to M — Tpm, 
is given by 

G R (u, X ) =T 7 R 8 XT 2 Q 3 lim £(p) , (3.14) 

P^PB 

w (xMP) 

where W^a) and vf( x ,w) are Fourier transform of (f> and its conjugate momentum, respectively. 
Note that in (I3.14p we have extracted all the dimensional parameters in the overall coefficient. 
In Appendix [B], we give the details of deriving the flow equation and the result is 

d p £ = - -j=q< 2 + ^£ + V 7 ^ (Qroo 2 - Q aX ) ~ ^-V 2 + . (3.16) 

The explicit forms of Q T , Q a , Q p , V and P can be found in Appendix B. Note that we have 
rescaled all the variables to be dimensionless as done in ( 1B.5j) and thus the quantities here do 
not depend on a and R. We put the bar only to u to show explicitly this is a dimensionless 
quantity, though all the parameters and functions above are all dimensionless as well. 

We need to impose appropriate boundary conditions to solve the above flow equation. 
One way to impose the incoming-wave boundary condition near the horizon is by taking the 
asymptotic incoming solution of W(p) near the horizon, 

W(p)~(p- Ph )- ia (l + <D(p)) : (3.17) 

and directly calculating the £ (p) near the horizon. This gives the following boundary condition, 

£(p) ~ - 32p 3 (4p 2 h - 1 + 4ip 2 p) + 0(p - p h ) . (3.18) 

In the same way, we can evaluate the behavior of £ near the boundary. The result is 

ap)-l{x + 2 + l)(l-2Hp))-2^ + 0^^j , (3.19) 



17 



where Cq and C2 correspond to the coefficients of the asymptotic solution of W(p), 



W(p) (1 + 0(p' 2 )) + 4(1 + 0(p~ 2 )) . 



(3.20) 



For dimensionful r, the conjugate frequency is uj = auo. So we have normalized the dimen- 
sionless frequency asw = uj/2ttT for the physical frequency uj. 

First, we plot the spectral function — 2ImG# (more precisely, just lm^(p B )) against the 
dimensionless frequency uj = For the black hole embeddings, the endpoint of the D7 

brane is specified by the value of the p coordinate, ph- The position of the horizon is given by 



and then for smaller ph the embeddings are closer to the Minkowski ones. Note that for larger 
Ph, the asymptotic value of z(p) near the boundary, m, gets smaller. Now we can consider m 
to be the dimensionless quark mass normalized by the temperature, i.e. m ~ M q /T [19], and 
thus smaller m corresponds to higher temperature. 

In Fig. El we plot the spectral functions against the dimensionless frequency uj for ph = 
Yq, and |, with x — 0. We notice that the spectral function shows sharp peaks for smaller 
Ph and it gets broaden as ph increases. This broadening can be understood as the meson 
spectrum developing unstable modes for high temperature region due to meson melting. The 
qualitative behavior agrees with the one obtained in the AdS-Schwarzschild analysis [20] . 

We also calculate the strength of the random force through the Kubo formula, in the black 
hole embedding, as 



where a\ is a coefficient of uj in Taylor expansion of Gr for small uj, i.e. Gr = clq + cliuj + ■ • • . In 
Fig. C3 we numerically plot k against < ph < 1/2 for \ — 0. It shows a curious jump around 
Ph ~ 0.19. Actually, ph = 0.18 ~ 0.21 corresponds to the value of 1/m = 2.164 ~ 2.167, 
around which a phase transition of meson melting occurs in the analysis of the one point 
function, as indicated in Fig. [51 

As noted above, for larger ph, mis small and corresponds to a high temperature regime and 
for smaller ph it corresponds to a lower temperature regime, within the black hole embedding. 
We give one possible interpretation of this behavior as follows. For lower temperature, before 
mesons dissociate, the random force gets stronger as temperature gets higher. However, around 
Ph ~ 0.19, mesons start to dissociate and then they behave as a continuum medium rather 
than rigid particles. Therefore, the random force from the thermal bath will be dissipated into 
these large degrees of freedom incoherently, and the coefficient n takes a significantly small 
value. We may stress that this picture for the behavior of the k is a novel one, and can be 
used to characterize the meson melting. Also, the sharp drop implies that meson melting is a 
first order phase transition. 






-2T 



(3.22) 
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Figure 6: The spectral functions of the accelerated meson against the dimensionless frequency 
u = uj/2nT, for the black hole embedding, ph = ig) i2> io> § as indicated. It shows that the 
resonances disappear as the meson melts. 
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Figure 7: The strength of the random force k calculated for the black hole embedding. \ is 
set to be 0. The point of the jump, p h ~ 0.19 corresponds to 1/m ~ 2.16 around which the 
mesons start to melt. The pre-factor of k is set to be 1. 

Again, we can relate this random force to the momentum broadening in the comoving 
frame by using Eq. (I2.23P so that the above sharp transition for k may be observed in the 
real experiments. Now the difference from the quark case is that k is not only a function of 
a, but also of ph- Above the critical ph, k becomes constantly small and it may suggest that 
the meson is melting and then the notion of the mean square momentum gets lost. Below the 
critical ph, we may guess the functional form of k for the black hole embedding^] by numerical 
fitting as 

k =T 7 R 8 XT 2 n 3 ^(- ai (p h )) ~ a 3 N c \ 2 (77.9 + 158.3 P/l + 375Ap 2 h + 0{p\)) , (3.23) 

where the fitting function is chosen as a polynomial in ph for small pn expansion to the 
quadratic order. By solving the relation between ph and m numerically, it is possible to 
determine the complicated temperature dependence of k, which is quite different from the 
simple temperature dependence in (I2.22p for the quark. Besides, the A dependence for quark 
in f)2.22p and meson in (I3.23P are also different, which may reflect the composite nature of the 
meson in coupling to the background of quark-gluon plasma. 

However, in the lab frame it is difficult to understand the above behavior of k since the 
accelerating neutral particle emits nothing at the leading order, at least in the usual framework 
of perturbation theory. Therefore, it is not clear what causes the stochastic behavior as 
characterized by f)3.23p . It raises the issue that if the complementarity principle of Rindler 
horizon also works for meson as it works for the quark, at least in the strongly coupled regime. 
We will leave it for the future study 

*For sufficiently low temperature, Minkowski embedding should be used to observe the behavior of k. 
However we do not pursue the details for this low temperature case, but rather confine ourselves in the 
discussion near the transition point. 
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4 Summary and Discussion 



In this paper, we discuss the holographic dual description of the Unruh effect in large N c 
QCD dynamics. A constantly accelerated particle is identified as the endpoint of an open 
string whose value of acceleration depends on the radial position in AdS space. We prepare 
a comoving frame and propose to identify the radial direction in the comoving frame as the 
energy scale for the constantly accelerated observer in CFT0. We give supporting evidences 
by computing holographically the stress energy tensor, qq potential, chiral condensate and the 
spectral functions and the diffusion constants of both the accelerated quark and the meson. 

In order to discuss the chiral condensate with fixed Unruh temperature, we introduce D7 
brane probe in such a way that the open strings (dual constituent quarks of meson) on it are 
static in the Rindler space. That is, the D7 brane is static in bulk Rindler-like frame, not the 
Poincare frame. Since we like to introduce qq operator defined by the constantly accelerated 
observer in CFT, which is different from qq operator defined by the observer in Minkowski 
space, our D7 brane probe configuration is different from the supersymmetric configuration. 
Our results of the chiral condensate qualitatively show the same behavior as that in the AdS 
black hole case. We further study its holographic spectral function numerically, and find that 
the strength of the random force of Langevin dynamics can characterize the phase transition 
of meson melting. Based on our result for the neutral meson, we then raise the issue toward 
a formulation of complementarity principle for the Rindler horizon. 

We briefly comment on the issue about the restoration of the symmetry such as chiral 
phase transition for an accelerating observer. Via Unruh effect, though the local detector 
accelerated with the observer does detect real thermal bath of Unruh temperature, some 
properties of the vacuum, like spontaneous symmetry breaking, have been convincingly argued 
to be independent of the choice of the observer. This is expected, since the expectation value 
(VEV) does not depend on the coordinate system. If we quantize an operator in Minkowski 
spacetime (we call this operator Om) and compute VEV, we obtain the same result whatever 
the coordinate system we use. However in order to discuss the Unruh effect, we quantize an 
operator in Rindler spacetime (we call this operator Or), i.e. we use the time coordinate 
in Rindler spacetime as the time, the VEV of Or is different from the VEV of Om- (Here 
we also notice that the state with which we take VEV does not change by the coordinate 
transformation.) Therefore, if VEV of Om = QQm is zero i n Minkowski spacetime, it is zero 
in Rindler spacetime as well. (See Appendix A and [H] for detailed calculations.) However if 
we compute Or = qqR, we obtain nonzero value and this is the Unruh effect. This is what we 
have done in our paper. (See also [21] for example.) 

Finally, we like to emphasize that our result is for strong coupling regime obtained from 
AdS / CFT correspondence, it is not legal to extrapolate it to the weak coupling case by taking 
A to zero. If we were doing that, we would conclude that the Unruh effect vanishes in the zero 
coupling limit. This is not the case, and we should consider the weak coupling case in the 

^See |22j where CLS4 space, instead of Rindler space, is discussed and a similar identification is done. 
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framework of usual perturbation theory, where the Unruh effect is argued to be quite robust. 

We still have some open questions. For example, one may consider more general accelerated 
string configurations. Therefore, through a coordinate transformation to the comoving frame 
we could obtain other bulk metrics and here comes a natural question; do these bulk frames also 
reproduce the holographic Unruh effect honestly? Indeed, some earlier works jH] had adopted 
different bulk metrics based on other accelerated string configurations. One may hope that 
by requiring the regularity of the derivative expansions of the perturbed bulk configurations, 
one could uniquely determine the bulk metric we choose here. This issue may deserve further 
study. 
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A Chiral condensate in Rindler space for the supersym- 
metric embedding 

Since the Unruh effect comes from the fact that the physics is observer dependent, one may 
think that we should introduce D7 brane probe in the same way as the supersymmetric case, 
and then we only need to go to the comoving frame. 

In this appendix, we will show that this is not the case. In the supersymmetric case, D7 
brane is located at 9 = and ift = arcsinmz in the AdSs x S 5 metric 



ds 2 = — (~dt 2 + dx\ + dx\ + dx\ + dz 2 ) + R 2 (dip 2 + sii^tpdO 2 + cos 2 ^dfi 2 ) 

z 

The induced metric in the comoving frame becomes 

R 2 r dr 2 
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ab D7 
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+ R 2 ^(z) 2 e 2aa 
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(A.2) 
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Then the D7 brane action becomes 
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where we introduced the cutoff at r = r near the AdS boundary r = 0. We now introduce 
the boundary action at r = r as follows 



Sc = —T 7 Q 3 J drdadydzy/ '—7 F[R 7 , ip], 

ip(roe aa ) = arcsin(mroe a 
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(A.8) 



where 7 is the induced metric at r = r and i? 7 is the Ricci scalar computed from the induced 
metric. To cancel the divergences, F takes 



act\2 



(A.9) 



The action becomes 
Sm + S c = -T 7 Q 3 I cf £ 
+ O(r ) 

Then, the chiral condensate is given by 
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Since we should have vanishing chiral condensate in the a — > limit, we obtain c\ = —R 4 /Q. 
Also it becomes zero in the large mass limit, m ^> a, we obtain c 2 = R 6 /4 and we finally have 



(??> = o. 



(A.12) 



Therefore, the chiral condensate is always zero no matter what m and a are. 

This result is expected since we only change the coordinate system but do not change 
the way of the embedding of the D7 brane in the bulk AdS space. This means that the 
meson operator is quantized with respect to the same time-like Killing direction in both the 
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coordinate systems. This is consistent with the known result that the vacuum expectation 
value is independent of the choice of the coordinate system and the observer 

Note that in the main part of the paper, we consider the chiral condensate of different 
meson operators by also changing the D7 brane embedding, and we therefore could observe a 
thermal phase transition there due to the Unruh effect. 



B Derivation of flow equation for the spectral function 
of accelerated mesons 

In this appendix, we will give the detail of the derivation of the flow equation presented in § 

E2 

The equations of motion of the fluctuation We now embed the D7 brane with fluctu- 
ations in AdS§ x S 5 with the metric (12. 8p . We choose the static gauge 

(cr°, . . . , a 7 ) =(r, a, x 2 , x 3 , p, fi 3 ) (B.l) 

and the embedding is characterized by 

w 5 =z(p) + (j>{r,a,x 2 ,p) , ^ 6 = 0, (B.2) 

where z(p) is the leading order contribution specifying the shape of the D7 determined in Sec. 
|3]that was called w^{p). To avoid the confusion with including the fluctuations, we use the 
different name for the same embedding function and is the fluctuation around this embedding 
and is assumed to be independent of S 3 coordinates. We also omitted x 3 dependence since 
we will consider Fourier modes of this (j) and then by symmetry it is sufficient to consider the 
momentum of x 2 for modes. The D7 brane action is given by 

S 7 = -T 7 J d*xy/-detG 7 = T 7 Q 3 J drdadx 2 dx 3 dp [C (z) + C 2 (z, <p) + O(0 3 )] , (B.3) 

where f2 3 is the volume of the unit S 3 and Co = v / — det Go is the one i n (I3.2p . The quadratic 
order action for the fluctuation takes the form 

C 2 =1^- det G {Qmd^d^ + 2V(p)<pd p (f ) + P(p)0 2 ) . (B.4) 

Before giving the explicit form of the coefficient functions Q m , V and P, we introduce the 
dimensionless variables 

(r, a, x 2 ,x 3 ) =a^ 1 (r, a, x 2 ,x 3 ) , (p, w 5 , w e ) = aR 2 (p, w 5 , w 6 ) . (B.5) 
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Thus, 



S 2 = - T 7 R 8 n 3 J dfdadx 2 dx 3 dp^ -det G (Q m drn^d r -J + 2V{p)<f>d p <j> + P{pW) , (B.6) 
where rh denotes f,a,x 2 , and x 3 . In Go(z), all a and R are replaced with 1 and 

^ = ~ (l + z> 2 )wfh 2 _ ' ^ = (TTi ; >^4' ^ p ~ = (1 + F 2 ) 2 ' ^=^3 = e 2a Q a , 



h ± =l±-^, w 2 = p 2 + z(p) 2 , (B.7) 

where the prime ' denotes p derivative. To make the expressions simpler, we remove the bars 
(~) from all the variables from now on. 
From (1B.6I) . the equations of motion are 

d ™ (V^oQmdmt) + d p [y^G~ Q (Q P d P <p + V<f>j\ - y^G~ {Vd p <j> + P<j>) = . (B.8) 

m^p 

We then introduce the Fourier transform of the field 6 as 



r,a,x 2 ,p) = =^e--^f(a)W(p) , (B.9) 



d udkdx iUT+ikX2 

(2tt) 2 

where we have included x 2 dependence only by assuming the rotational invariance. We intro- 
duce a rescaled metric g mn = G 0rnn \ a=Q and the equations of motion becomes (Q denotes Q m 
with m p) 

d P [V=g {QpdpW + VW)]-^ {Q T u 2 - Q aX ) W - yf^g (Vd p W + PW ) = , (B. 10) 
d a {e~ 2a d a f(a)) - (k 2 + X e~ 2a ) f(a) = , (B.ll) 

where x is a constant that appears in the separation of the variables. From these equations of 
motion, we notice that W(p) depends on u and % while f(a) on k and x- We then sometimes 
write them as W(u,x){p) and ftk,x)( a )- 

As for the /(«) equation of motion, its general solutions 

/(*,*)(«) =c 1 e a I u (ke a ) + c 2 e a K u (ke a ) J (B.12) 



U=y/1- X , (B.13) 
can be rearranged into the orthonormal ones 

duf{k, x >){a)f {Kx) {a)e- 2a = 8 X , +X , (B.14) 
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for each k with appropriate boundary conditions. Note that x ma y be discrete or continuous, 
which depends on the boundary conditions, but we will mainly consider x — case and then we 
just assume that we have chosen an appropriate boundary condition to obtain an orthonormal 
set for given k. 

The retarded Green function Suppose that Wi XtU \ and f(k,x)( a ) are solutions to the 
equations of motion ( IB. lOj) . and W( XjW ) satisfies the boundary condition W^ u )(p = Pb) = 



4>o(u, x), where pb stands for the position of the boundary. 

We now consider IT, the conjugate momentum with respect to p, 

dC 



U(r,a,x 2 ,p) =-q^ = -T 7 R»n 3 y/-G [Q p d p <p + V<p] . (B.15) 

We may introduce H = e~^ir where 

7r = -T 7 R 8 Q 3 V^[Q P d p <P + V<l ) } , (B.16) 

and its Fourier mode 

7r(r,a,x 2 ,p) = -T 7 R 8 tl 3 j d ^ e -^ + ik„ f {Kx) ( a )* M {p) . (B.17) 

In [IT] Iqbal-Liu has shown that the retarded Green function on the boundary is obtained via 

G R (u, k, X ) = T 7 R 8 n 3 lim . (B.18) 

Note that this definition gives the equivalent Green function to the one by Son-Starinets given 
in [IE]. 

In the papers [13 [23], the authors derived a simple differential equation, the flow equation, 
which the quantity 

t(p) =|H4 (B.19) 

obeys. By differentiating £ after p and using the equation of motion, we obtain the flow 
equation 

d£ = - ^Q-e 2 + ^ + V=9 (Qrco 2 - Q aX ) - ^-V 2 + , (B.20) 

and by solving this equation from the horizon p = p^ with an appropriate boundary condition 
to the boundary p = ps, we obtain the retarded Green function of the boundary theory, 

G R (u, X ) = T 7 R 8 n 3 lim £(p). (B.21) 

P^Pb 
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This Green function is the one corresponding to the dimensionless fluctuation 0. In order to 
obtain the gauge theory correlator, we need to variate the action with respect to the mass M. 
See also §3.11 Then we get the gauge theory correlator 

G R (u, x) = T 7 R 8 XT 2 n 3 lim £(p) . (B.22) 

Here, note that though this result seems to give a simple temperature dependence of the 
retarded Green function, the value of C(Ph) depends on the choice of some dimensionful pa- 
rameters such as So the actual temperature dependence can be more complicated than 
seen from this overall scaling. 
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